SPECTRAL GAP AND TRANSIENCE FOR RUELLE
OPERATORS ON COUNTABLE MARKOV SHIFTS

VAN CYR AND OMRI SARIG

ABSTRACT. We find a necessary and sufficient condition for the Ruelle operator
of a weakly Holder continuous potential on a topologically mixing countable
Markov shift to act with spectral gap on some rich Banach space. We show that
the set of potentials satisfying this condition is open and dense for a variety of
topologies. We then analyze the complement of this set and show that among
the three known obstructions to spectral gap (weak positive recurrence, null
recurrence, transience), transience is open and dense, and null recurrence and
weak positive recurrence have empty interior.

1. INTRODUCTION

1.1. Overview. Thermodynamic formalism is a branch of ergodic theory which
studies, for a given dynamical system T : X — X and a given function ¢ : X — R,
the existence and properties of invariant probability measures p, which maximize
the quantity h,(T) + [ ¢dp (“equilibrium measures”). The key tool is the Ruelle
operator,
(Laf)@) = Y W f() (11)
Ty=x

Under fairly mild conditions, if Ly acts with spectral gap on some rich enough
Banach space £, then p, exists, and quite a lot can be said about its properties
(see the books [B], [HH], [PP],[R], or theorem 1.1).

Here we ask how large is the set of functions ¢ : X — R for which such a space £
can be found. We study this question within the cadre of countable Markov shifts,
and weakly Holder continuous functions ¢ : X — R (see below). We

(a) identify a necessary and sufficient condition on ¢ for the existence of a
Banach space on which Ly acts with spectral gap;

(b) analyze the topological structure of the set of functions ¢ which satisfy this
condition;

(c) compare the topological properties of the various obstructions to this con-
dition, and figure out which obstruction is the most important.

1.2. Setting. Let S be a countable set, and A = (t;;)sxs be a matrix of zeroes
and ones. The countable Markov shift (CMS) with set of states S and transition
matriz A is the dynamical system T : X — X, where

X == {(x0,21,...,) € SN0} tyyz,, = 1 forall i}, and T'(z); := xi11.
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We think of X as of the collection of one sided infinite admissible paths on a directed
graph with vertices v € S, and edges v1 — vy (v1,v2 € S| ty,, = 1).

We equip X with the metric d(x,y) = 27t @) t(z,y) := inf{k : 2, # yx} (where
inf @ := 00). The resulting topology is generated by the cylinder sets

[ag, ... an_1]:={reX:z;=0a;,i=0,....,n—1} (ag,...,an—1 €S,n>1).

A word a € 8™ is called admissible if the cylinder it defines is non-empty.

We assume throughout that 7' : X — X is topologically mixing. This is the case
when for any two states a,b there is an N(a,b) such that for all n > N(a,b) there
is an admissible word of length n which starts at @ and ends at b.

Next we consider real valued functions ¢ : X — R. We define the variations of
a function ¢ : X — R to be the numbers

var,(¢) := sup{|o(z) — ¢(y)| s 25~ =y5 '},

where here and throughout 2! := (zm,...,2,). We say that ¢ has summable
variations, if Y -, var, ¢ < co. We say that ¢ is 0-weakly Hélder continuous for
0 < 6 < 1, if there exists Ay > 0 such that var,(¢) < Agf™ for all n > 2. A weakly
Holder continuous function is Holder iff it is bounded.

The Birkhoff sums of a function ¢ are denoted by ¢,, := ZZ;& poTk.

Suppose ¢ has summable variations and X is topologically mixing. The Gurevich
pressure of ¢ is the limit

Ps (o) = nlirréo % log Z,,($,a), where Z,(¢,a) = Z ed’"("”)l[a] (z), and a € S.
Trr=x

This limit is independent of a, and if sup ¢ < oo, then it is equal to sup{h,(T) +

[ ¢dp}, where the supremum ranges over all invariant probability measures such
that the sum is not of the form oo — oo [S1].

1.3. The Spectral Gap Property. Recall that the Ruelle operator associated
with ¢ is the operator (Lyf)(x) = > p,_, e?W f(y). This is well defined for
functions f such that the sum converges for all + € X. Let dom(Lg) denote the
collection of such functions.

Definition 1.1. Suppose ¢ is —weakly Holder continuous, and Pg(¢p) < oo. We

say that ¢ has the spectral gap property (SGP) if there is a Banach space of con-

tinuous functions L s.t.
(a) £ Cdom(Lg) and LD {1y :a€S™, n€N};

(b) feL=1f1€L [Ifll, <fle;

(¢) L-convergence implies uniform convergence on cylinders;

(d) Ly(L) C L, and Ly : L — L is bounded;

(e) Ly = AP + N where A = exp Pg(¢), and PN = NP = 0, P? = P,
dimIm P = 1, and the spectral radius of N is less than A;

(f) If g is O-Hélder, then Ly 4 : L — L is bounded, and z — Ly .4 is analytic
on some complex neighborhood of zero.

The motivation is the following (compare with [R],[HH],[Li], [PP],[BS],|[GH],[AD]).
Suppose X is a topologically mixing CMS, and ¢ : X — R is a weakly Holder con-
tinuous potential with finite Gurevich pressure, finite supremum, and the SGP.
Write Ly = AP + N as above, then
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Theorem 1.1. P takes the form Pf = h [ fdv, where h € L is positive, and v is
a positive measure which is finite on all cylinders. The measure dmg = hdv is a
T—invariant probability measure with the following properties:

(a) If my has finite entropy, then my is the unique equilibrium measure of ¢.

(b) There is a 0<r<l s.t. for all g € L>®(my) and f bounded Hélder continu-
ous, AC(f, 9)>0 s.t. |Covyp, (f, 90 T™)|<C(f,g)k". (Cov =covariance.)

(c) Suppose 1) is a bounded Hélder continuous function such that Ep,,[1)] = 0.
If v # ¢ — p o T with ¢ continuous, then Jo > 0 s.t. 1, /\/n converges
in distribution (w.r.t. me) to the normal distribution with mean zero and
standard deviation o.

(d) Suppose ¥ is a bounded Holder continuous function, then t — Pg(d + t)
1s real analytic on a neighborhood of zero.

We remark that the assumption that mg4 has finite entropy is trivially satisfied for
all CMS with finite Gurevich entropy Pg(0) < oo.

Versions of theorem 1.1 were shown in a variety of contexts by many people [R],
[GH], [HH], [AD],[Li], [G1] (this is a partial list). The proof in our context is given
in appendix A.

1.4. The problem: When does a potential ¢ satisfy the SGP? How common is
this phenomenon? What are the most important obstructions?

If |S| < oo then every (weakly) Holder continuous function has the spectral gap
property (Ruelle [R]), but this is not the case when |S| = oo because of the phe-
nomena of null recurrence, transience, and positive recurrence with sub-exponential
decay of correlations [S2], [S5].

Doeblin and Fortet have given sufficient conditions for spectral gap for potentials
¢ associated to a class of countable Markov chains [DF]. Aaronson & Denker had
constructed Banach spaces with spectral gap for potentials associated with Gibbs—
Markov measures [AD]. In both cases the underlying CMS must satisfy a certain
combinatorial condition (the big images and preimages (BIP) property [S3]). Young
had constructed Banach spaces with spectral gap for certain functions ¢ on CMS
with “tower structure” (but without the BIP property), see [Y].

1.5. Notational convention: a = c4+e means c—¢ < a < ¢+¢, a = B¥'¢ means
B~!' <a/c< B, and a, = ¢, means that 3B s.t. a,, = B¥'¢c, for all n large.

2. SUMMARY OF RESULTS

2.1. A necessary and sufficient condition for SGP. The condition is in terms
of the discriminant, a notion which was introduced [S4]. We recall the definition
(for further information and properties, see appendix A).

If one induces a CMS on one of its states a € S, then the result is a full shift. It
is useful to fix the following notation:

(a) g = {[Q] = [a’agl» cee agnfl] in > 1751 7& a, [avéa a] 7& @},
(b) X := ENU{O}, viewed as a countable Markov shift with set of states S;

(¢) m: X — [a]; 7([ag], [a;],--.) = (ag,a;,...). This is a conjugacy between
the left shift on X, and the induced (=first return) map on [a].
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Every function ¢ : X — R has an “induced version” ¢ : X — R given by

b= (az: gboTk) om, where @,(x) := 1fg(z)inf{n > 1:T"(x) € [a]}.

k=0

It is easy to see that if ¢ is weakly Holder continuous on X, then & is weakly Holder
continuous on X (moreover, vary ¢ < oo even when vary i) = 00).
The a—discriminant of ¢ is the (possibly infinite) quantity

A,[¢] :==sup{Ps(¢ +p):pERs.t. Pa(p+p) < ool

The sign of this number has meaning [S4], see appendix A.

A weakly Holder continuous function ¢ on a topologically mixing countable
Markov shift is called strongly positive recurrent, if it has finite Gurevich pressure
and if there is a state a s.t. Ay[¢] > 0. Strong positive recurrence is a generaliza-
tion of the notion of stable positive recurrence for positive infinite matrices due to
Gurevich and Savchenko [GS]. Tt has its roots in the classical work of Vere-Jones
on the problem of geometric ergodicity for Markov chains [VJ].

Theorem 2.1. Suppose X is a topologically mizing CMS, and ¢ : X — R is
weakly Holder continuous with finite Gurevich pressure, then ¢ has the spectral gap
property iff ¢ is strongly positive recurrent.

That SGP implies SPR is fairly routine, given the results of [S4]. The main part
of the theorem is the other direction.

It is perhaps useful at this point to explain how to check strong positive recur-
rence. Define

Z:(¢7a) = Z ed)n(m)l[tpa:n] (z),
Trrx=x

and let R denote the radius of convergence of ry(z) := >, -, 2" Z} (¢, a), then [S4]
proves that [A,[¢] — rg(R)| < Y00, var, ¢. In particular, if 74(-) diverges at its
radius of convergence, then ¢ is strongly positive recurrent.

2.2. SGP is open and dense. Let ® denote the collection of weakly Holder
continuous functions ¢ : X — R with finite Gurevich pressure. There are many
different useful topologies on ®. To list them concisely, fix an infinite sequence
w = (Wn)n>1, 0 <w, < oo and define for a function f: X — R,

flle = sup|f|+2wnvarn(f), where 0 - 0o := 0,

n=1
Vige) = {$'e®:]¢p—¢.<e}

The w—topology is the topology generated by V(¢,¢), (¢ > 0,¢ € D).

The choice w = (0,0,...) is useful for the study of perturbations in the sup
norm. Other important choices are w = (0,...,0,00,00,...) (finite memory), w =
(0,1,1,...) (summable variations), and w = (0,071,072, ...) (Holder).

Theorem 2.2. The set of ¢ € ® with the spectral gap property is open and dense
in @ with respect to the w—topology, for any w = (wp)n>1-

In particular, the spectral gap property is stable under perturbations in ® with
sufficiently small sup norm (w = (0,0,...)); and any ¢ € ® can be perturbed to be
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strongly positive recurrent using a perturbation of arbitrarily small Holder norm,
or even finite memory of length one (w = (0, 00, 00,...)).

Next we consider the larger set ®gy of all ¢ : X — R with summable variations
and finite Gurevich pressure. Again, we can define the w-topology on ®gy as the
topology generated by {¢’ € Pgy : ||¢ — d||l, < e} foralle > 0,¢ € gy .

Theorem 2.2'. Let ®gy denote the collection of all ¢ : X — R with summable vari-
ations and finite Gurevich pressure, then {¢ € gy : ¢ is strongly positive recurrent}
is open and dense in gy for every w—topology.

Obstructions to the SGP. If a potential ¢ € ® does not have the spectral gap
property, then by theorem 2.1 it is not strongly positive recurrent, and A,[¢] < 0.

Potentials with strictly negative discriminant are called transient. Potentials
with zero discriminant are divided into two groups: null recurrent, and weakly
positive recurrent (see appendix A for a summary of the definitions and properties
of the various modes of recurrence). We ask whether one of these obstructions is
more common, in some sense, than the others.

The w—topologies are too weak to detect the difference between transience, null
recurrence, and weak positive recurrence (they are all nowhere dense), so we need
to use a stronger topology.

The topologies of perturbations of finite support are sufficient for this purpose.
To define these topologies, fix a finite collection of states B = Uf;l [a;]. The uniform
topology localized at B (or just the ‘ B—uniform topology’) is the topology generated
by the basis

U(gse,B) :i={¢' € @: ¢/ = dllo < &,¢'|x\B = ¢lx\B} (¢>0,0€®).
Denote the resulting topology by LU(B).

Theorem 2.3. Let ®(T') denote the set of transient ¢ € ®. With respect to LU(B),
®(T) is open in @, and ®(T) is open and dense in {¢ € ® : ¢ does not have SGP}.

As a corollary we have the following topological description of the various modes
of recurrence in each of the LU(B)—topologies:
(a) strong positive recurrence: open;
(b) transience: open
(¢) weak positive recurrence and null recurrence: empty interior, on the bound-
ary of the first two sets

In other words, transience is the most common obstruction to spectral gap.

3. PROOF OF THEOREM 2.1

3.1. Strong Positive Recurrence implies Spectral Gap. Assume w.l.o.g. that
Pa(¢) = 0 (otherwise pass to ¢ — Pg(¢), c.f. §7.1). Fix some state a € S s.t.
A,[¢] > 0. By the discriminant theorem (appendix A, Theorem 7.3), Pg(¢) =
0, where the over bar indicates induction on [a]. Therefore, by strong positive
recurrence, there exists e, such that 0 < Pg(¢+ 2¢,) < oo. This g, must be
positive, because p(t) := Pg(¢ +t) is an increasing function.

The function ¢ is by assumption weakly Holder so there exists 0 < § < 1 and
Ag > 0 such that var, ¢ < A40™ for all n > 2. Make €, so small that

0 < fe? < 1, where p:= Pg(¢ +c4). (3.1)
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This is possible to do, because p(t) := Pg(¢ + t) is continuous (being convex and
finite) on (—o0,2¢,) (see (7.4) in appendix A).
Define v := ¢ + &, — pljg), then using the properties of Pg(:) listed in 7.1 it
readily follows that
(1) Pa(¢) =0, because P (¢) = Pa(¢ +ca —p) = Pa(d +ca) —p = 0;
(2) v is strongly positive recurrent, because

Pe(¥ +¢ea) < Po(¢+22,) < 00, and
Po(Y+¢e4) = Po(V + apa) > Po(¥) + €4 =4 > 0,

so Ag[y] > 0;
(3) Ps(v) = 0, because Pg (1)) = 0 and 1 is (strongly positive) recurrent, see
appendix A, theorem 7.3 part (1).

Since A,[Y)] > 0, v is positive recurrent (appendix A, theorem 7.3). By the
generalized Ruelle Perron Frobenius theorem (appendix A, theorem 7.2) and the
assumption that Pg (1) = 0, there exists a Borel measure vy, finite and positive on
cylinders, and a positive continuous function hg : X — R such that

L:;VO =1, Lwho = ho s and /hodl/() =1.

Moreover, vari [log hg] < ZQQvarg ¢. Setting Cy := exp 21522 vary ¢, we see that
for every x, ho(x) = C'hgxo], where holzo] := SUP[4,] ho-
Define for z,y € X and f: X — C,
t(z,y) = min{n:x, #y,}, where min@ = oo,
sa(zyy) = #{0<i<t(r,y)—1:x; =y; =a}.

Let £ denote the collection of continuous functions f : X — C for which

ves holb]

It is clear that (L, | - ||z) is a Banach space.

We show that Ly(L£) C £, and that L, : £ — L is a bounded operator with
spectral gap.

The proof uses the strengthening of the Ionsecu-Tulcea & Marinecu theorem due
to Hennion ([HH], theorem II.5). Suppose there exists a continuous semi-norm ||-||¢
on £ with the following properties:

(A) There is a constant M > 0 s.t. ||Lyfllc < M| fllc for all f € L;
(B) Let p(Ly) denote the spectral radius of L,. There are constants ng € N,
0 <r < p(Lg), and R > 0 such that

1L flle < 7™l flle + Rl flles (3-2)

(C) Every sequence {f}n>1 € Ls.t. sup||fnllz < 1has asubsequence { f,, }r>1
s.t. |[Lgfne —9llc — 0 for some g € L.
— 00

1]l = sup [sup £(@)] + sup {|£(@) — F@)|/6C : .y € [b}}] <o
z€[b]

Hennion’s theorem then says that £ = F @& N where F, N are Lg—invariant sub-
spaces such that dim(F) < oo, p(Lg|n) < p(Lg), and such that every eigenvalue of
Ly| 7 is of modulus p(Ly).

As we shall see below, the theory of equilibrium measures implies that p(Lg) = 1,
that the only eigenvalue on the unit circle is one, and that this eigenvalue is simple.
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This gives the spectral gap property with A = 1, P the eigenprojection of one, and

N = Ly(I - P).
The semi-norm we use is || - [[¢ := || - || 21 (1)
Step 1. (A) holds: | - ||c is a continuous semi-norm on £, and there is a constant

M such that || Ly fllc < M| fllc for all f € L.

Proof. To see that || - ||c is continuous, suppose that || f, — f||c — 0. Then f, — f
pointwise, and |fo(2)—f(2)] < | fn— Fllcholzo] < Collfu—flleho() at every poi.
Since ho € L' (), |fn = flle = [ |fn — fldvo — 0.

Next fix f € L. Then |f| < Co||f|cho. The identity ¢=1v —eq+plje <P +p—=cq
shows that |Lef| < eP~2¢ Ly (Collfllcho) = CoeP~%||f||cho. Integrating w.r.t vy,
we get || Ly fllc < CoeP~%¢| f|lz and the step follows with M := Cjexp(p — &4)-

Step 2. Proof of (3.2).

Proof. We need some notation. Recall that a word a € 8™ is called admissible if it
defines a non-empty cylinder. For every b € S, set

P"(b) :=={p= (po,---,Pn-1) : (p,b) is admissible}.
For every p = (po, ..., pn—1) admissible, let n(p) := #{0 <i <n—1:p; = a}, and
set P'(b) := {p € P"(b) : n(p) > k + 1}.
In what follows we fix k (to be determined later), and estimate |Ljf[|. for
arbitrary f € £ and n > 1.
Part 1: Analysis of sup ¢ (L3 f)(2)] (b € S).

Suppose x € [b]. Since ¢ = — g4 + plig and [ f| < Col| 1| 2o,

(LgNH@)] < Y eI f(pa)|= Y etneDTneot @) f(pr))

peEP™(b) peEP™(b)
< Z e¥n(pr)=ncotrn(®)| £ (pe)| +
pEPL(b)
+Coe T fle Y e ho(pa)
PEPT(D)\ P (b)
< Y et Tt f(pa)| + Coet P £ cholb),

peEP] ()

[b].

because the last sum is bounded by (L;}ho)(x) = ho(x) < ho
a,B,y) witha € Ay, 8 € B

Every p € P}'(b) admits a unique decomposition p = (
and vy € C, where:

Ap:={a: n(a) =k, and (o, a) is admissible}
B :={f: (3 starts at a, and (f,a) is admissible} U {empty word}

C :={y: v contains exactly one a, at its beginning, and (v, b) is admissible}
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Conversely, every triplet (a,3,7) € Ax x B x C such that |a| + [5] + |7] = n
gives rise to an element of P]’(b). Thus

(LEH) ()] < Coe P | fl| cho[b] +

+ Z Z e (T —7Ea o (3.3)

a+p+y=n | v€C,|y|=v

% Z 6¢[1(§lm)756a+p[n(gl)+k] Z ewa(gglz)faea‘f(gélx” 7
BEB,|B|=8 a€Ag,|lal=a

with the convention that g = 0 and that if w is a word, then |w| denotes the
number of letters in w.
We estimate the inner most sum. Since n(a) = k,

£l B9)| < i |f] + 1£]1c6"holan] < inf |f] + Coll 716" ho(a B o).

Since var; ¢ = var; ¢ for all ¢ > 1,

eYalafyz) < Cp inf Ve
[a,a]

We can thus estimate the inner sum by

Z Cy inf] e¥a—aca [inf] ||+ Collf|| c0% e Z ew“(gélx)ho(gﬁjx)

a€Ay,|al=a a€Ay,|al=a

<Co Y inf (ePem% ) + Collfl 0¥ e hola] (- (By)o = a)

la,a
ac€Ay,|lal=a

g Coe—OtEo

a€Ag,|al=a

—ae 1 «@ —agg
<G Y [ £l )i+ Collflette = nofa

1% [CL]

vold] /[a] e’ 2| f(ay)|dio(y) + Col 1| 6" ho[a]

€A, |al=a

Che~2e0
= 07/ > dalfldve + Collfllc0%e*hola] (. Ljvo = 10)

vola] a€Ay,|al=a
C —QEQ
< £ ) flle + Coholal6 e | £l
volal
1
< Cre~ @0 [||f|\c + 9’“Hf||£] , where C1 := Cj (VOM + ho[a]> .

Substituting this estimate in (3.3), we see that

(L3 @) < Coet?" || fllcholb] + D Y el

atB+y=n€C,|yl=y

|3 e 0y [ fle + 0¥ fe])] - 5.
BEB,|B|=8
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By construction n(8v) = n(8) +1 and ¢3(8yx) = ¢g(8yx) + fea — pn(B3), so the
sum in the brackets is

3 Bt (oo [ £ e + 08|| £ c])
BEB,|B|=p

= (Cre™ % [|Iflle + 0" fllc]) - e?®FD Y~ eoslBam)
BEB,|B|=0

< Cre?® D=0 [ flle + 6% fll 2] - CoZs($, a), where Zs(p,a):=>_ e?*P1(y(z

Trz=z
because (3,7 start with a. We claim that supgz Zs(¢,a) < 2Cp: Had there been a
B with Zg(¢,a) > 2Cy, then we would have had Z,3(¢,a) > [C%]Zg((b, a)]™ > 2m,
in contradiction to the assumption that +log Z, (¢, a) — Ps(¢) = 0. Setting
Cy := 2C), we obtain that the sum in the brackets in (3.4) is bounded by

CoCrCae ™m0 (| fllc + 0| flc] -
Substituting this in (3.4), gives

(LEf @)<Y Yo e OGP | fle + 6% £ ]

atfty=ny€C|yl=y
+ Coe™ "= || chob]

Che—(at+7)e0
< CoCrCae™ P (|| flle + 0% £llc] D ———— > V"0 hg(ya)

arbro—n Nold] YEC,|y|=v
+ Coe®?=<]| f|| cholb]
e~ (a+7)eo
< CC1Coe M TVP[||fllc + 051 fllc] D Tm]ho[b] (" Lyho = ho)

a+B+y=n
+ Coet? "] | f chob]-

2
It is easy to check that sup,en D o4 p4q=n e~ (@m0 < (ZDO e‘ko) . Let C5 =

2
1+ (Zézo e*&“) , then for all z € [b]

(k+1)p G3C102Cs

(L3 @) < e o

[ll£lle + (0% +e7"=)]| fllc] olt]. (3.5)

Part 2. Analysis of the Lipschitz constant L7 f on [b].
Suppose z,y € [b].
(LG f) (@) = (Lgf)y)| <
< Y et [fpo)l + ) e @\ f(pr) — f(py)]

peP™(b) peEP™(b)

1 — % (py)—dn(pz)
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< Collfllz Z 6¢n(gz)g49n+t(m’y)h0@x) + Z edm(gy)ho@y)gn(g)ﬂa(w:y)
pEP™(b) pePm(b)
(1—e)
0

[¢(z) — 9(y)]
gt(z,y)

Ay

where Cy := max < 1, sup
1-0 Ay
161< =%

, and Ag :=sup

< 000495“(1’?4)”]0”5 Z €¢"(BI)9n(B)hO(B$) _|_Z e¢n(£y)h0(2y)9n(g) . (3.6)
pEP™(b) pEP™(b)

Now, Z e%(ﬂ‘”)&"@ho(px): Z ewn(gw)—nsﬁpn(g)gn(g)ho(pm)
pEP () C pePn(d) B

— p—Meo Z ewn(gr)(epg)n(g)ho(ﬂx)
pEP™(b)
<e M0 Z ew"(w)ho(gx), because eP < 1 by (3.1)
peEP™(b)
< Coe " hg[b], because Lyhg = ho and x € [b].
Similarly, depn(b) eW(By)G"(B)ho(Qy) < Coe ™hg[b]. Substituting these esti-
mates in (3.6) gives
(LLF)(@) — (LLF)W)] < 2C3C1e=00% @D £l chol]. (3.7)
Combining (3.5) and (3.7), we obtain

k1) CoC1C2C5

||L¢>f||£ S € ho[a]

[1flle+

C2C1CsCy
hola]

It is probably useful to recall at this stage the definition of the constants Cj:

|:QCSC4€7LEO +eP ((erd)" + ekpngo)} Ifllz. (3.8)

Co:=exp Y vary ¢, C1:=Cy (hola] + 1/15[a]), Cy:=2C),
(=2
oo 2
C3:=1+ (E 6_26()) ) C’4::max{1,1A—fg sup a—e’) }.
= I61< 2,

These constants do not depend on k or n. Using (3.1), it is no problem to choose
k, and then ng so that

C2C1C5C4

1
L"fll; <R - for all n > here R := e(F+1Dp
H¢NL_IUM+2WM<wan_nmwem e hola]

(3.9)

This is (3.2) with r := 271/m0. We have yet to see that r < pz(Lg).

Step 3. Ly is a bounded operator on £, and its spectral radius is equal to one, thus
(B) holds.
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J hodvg = 1. Thus (3.8) implies that || Ly|| < oo, and (3.9) says that sup || L} || < oo.
It follows that Ly is bounded, and that its spectral radius is no larger than one.
We claim that the spectral radius is equal to one. Otherwise, it is strictly smaller
than one, and there is some x < 1 such that || L}|| < Cx™. In particular, |L§1j| =
O(x™) uniformly on [a]. Now L}l < Z,(¢,a) uniformly on [a] (appendix A,
remark 7.1), so this means that 0 = Pg(¢) = nllrr;@%log Zn(p,a) < logk < 0, a

Proof. || - |lec < Coll - ||z on L, because for every f € L, |f| < Col|lfllcho, and

contradiction.

Step 4. Every sequence {f,}n>1 in C such that sup || f, ||z < oo has a subsequence
which converges w.r.t. || - ||¢ to some element of £. Since ||Ly|| < oo, (C) holds.

Proof. Let Xo denote the subset of X consisting of all sequences which contain the
symbol a infinitely many times. This is a subset of vy—full measure, because vy is
an ergodic conservative measure which charges every partition set.

The function §(z,y) := 0% (&Y is a metric on Xy, and (Xp,d) is a complete
separable metric space. The family {f,, }»>1 is uniformly Lipschitz on partition sets
with respect to this metric. By the Arzela—Ascoli theorem, there is a subsequence
{fni }x>1 which converges pointwise on Xy to some function go : Xo — C. Since
| frr(@)] < Co(sup || full2)ho(2), and [ hodrvo < oo, [ |far — goldro — 0.

We show that g € £ such that g|x, = go. Choose points y* € [b]N Xy, (b€ S),
and define a map ¢ : X — X, by

y*o Ai st x; = a,
Hx) =< (Toy - s T, ¥, YS, - .) stz = a,k :=max{i:z; =a} < oo,
T 3 infinitely many i s.t. x; = a.

We claim that for all x,y, sq(9(z),y) > sa(z,y). I sq(z,y) =0 or ¥,(x) = = then
there is nothing to prove. Otherwise, z has finitely many coordinates equal to a.
Let k := max{i : 2; = a,z} = yi} and k' := max{i : z; = a,9(z)} = yi}, then
So(z,y) = #{0 < j < k:y; =a} and s,(V(z),y) = #{0 < j < k' :y; = a}. By
construction, ¥(z)k = xf = yk, therefore k' > k and s,(9(z),y) > s4(z,y).

Now set g := go o 9. Since V|x, = id, g|x, = go. If © € [b], then ¥(z) € [b], so
l9(2) = lgo(9(2))] < sup | fn(I(x))] < ho[b] sup,>1 [[fnllc- If 2,y € [b], then

l9(x) = 9(¥)| < |go(I(2)) — go(I(y))| < sup | fn(9(x)) = fu(I(y))]

< sup || fulle - ho[b]0*= @ PW) < sup || .l - ho[b]6=(=¥).

We conclude that g € £, and that [ |fn, — gldvo = on | fny — goldvo — 0.
Step 5. Ly : L — L has the spectral gap property.

Proof. Parts (a) and (d) of the spectral gap property were shown in step 3 above.
Parts (b) and (c) are obvious from the definition of £. We show part (e).

The previous steps show that the conditions of Hennion’s theorem are satisfied
and that p(Ly) = 1. It follows that £L = F @ N where Ly(F) C F, Ly(N) C N, F
is a finite dimensional space, the eigenvalues of Ly4|# are all of modulus one, and
the spectral radius of Ly|ar is strictly less than one.

We show that F = span{h} for some function h s.t. Lgh = h. Once this is
shown, we let P : £L — F denote the eigenprojection of the eigenvalue 1, and
N := Ly4(I — P). 1Tt is clear that L, = P+ N, P2 = P, PN = NP = 0, and
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dimIm P = dim F = 1. It is not difficult to verify using the facts that p(Lg|x) < 1
and L|7 = id that Ly — P and that

N={feL:Lyf —— o}

It follows that N' = ker P. Thus N = L4(I — P) is equal to zero on F and equal to
Ly on N. Since F and N are Ly—invariant, and p(Lg|a) < 1, p(N) < 1 and (e) is
proved.

To construct h, note that ¢ is (strongly) positive recurrent with pressure zero.
By the generalized RPF theorem (appendix A, theorem 7.2) there is a positive
continuous function h and a Borel measure v such that Lyh = h, Lj;)u =v, f hdv =
1. The measure du = hdv is known to be an exact invariant probability measure,
and for every cylinder [a], L}1[, — hv|a] pointwise [S2].

We claim that h € £. By (3.8), sup, > [[L}1[qllc < oo. By step 4, 3n, — oo
1 v
such that Lgkl@ L0, g € L. The limit must agree with the pointwise limit
of Ly*1y,, whence with h. Thus h = (1/v[a])g vo-almost everywhere, whence by
continuity — everywhere. Thus h € L.
We claim that h € F. Write h = hy + hy where hy € F and hy € N. Since
Lyh = h, h = Ljhi + Lghg. The first summand stays inside F, and the second

summand tends to zero in norm, because p(Lg|x) < 1. It follows that h € F. But
dimF < coso F = F. Thus h € F.

Since h € F and Lgh = h, 1 is an eigenvalue of Ly : F — F. We claim that
there are no other eigenvalues.

We begin by showing that all eigenfunctions f of eigenvalues of modulus one
are v—absolutely integrable. Suppose Lyf = € f, for 0 # f € L. Then Ly|f| >
L f] = |, whence

N
> L[Llfl = 1] < LY £ < Co(sup | ZEN) |1l cho for all N.
n=1 n

But v is conservative, and Ljv = v, so for every F' > 0 such that [ Fdv # 0,
Y. L3F = oo. Thus Ly|f| = |f| v—almost everywhere. It follows that |f| is an
absolutely continuous invariant density of v. An ergodic conservative measure can
have at most one invariant density, so |f| = const h v—a.e., whence everywhere. In
particular, f € L'(v).

We now claim that all eigenfunctions f with eigenvalues of modulus one are
proportional to h. Let du := hdv. Since f € L'(v), f/h € L*(n). The transfer
operator of y1 is T = +Lg(hap)." Since pu is exact, T (f/h) — [(f/R)dpl| L1y — O
([A], theorem 1.3.3). But 77(f/h) = ¢™(f/h), so this can only happen if ¢? = 1
and f/h = const.

This proves that Ly|r has exactly one eigenvalue, equal to one, and that its
geometric multiplicity is equal to one. This means that F has a basis with respect
to which Ly : F — F is represented by dim(F) x dim(F) Jordan block with
ones on the diagonal. The iterates of a Jordan block such as this diverge, when

IThe transfer operator of a measure p s.t. poT~! < p is the operator T : LY(p) — LY(p)
whose value on a function f € L'(u) is determined by the condition [@T fdu= [¢oT - fdu for
all test functions ¢ € L% (u).
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dim(F) > 1 (the (1,2)—entry escapes to infinity). This cannot be the case, because
sup || L || = oo by (3.8). The conclusion is that dim(F) = 1.

We conclude that F = span{h}. By the discussion above, part (e) of SGP is
proved.

Part (f) of SGP says that if f € F is 6—Holder, then z +— Ly, is analytic at
zero. Write for every 6-Holder continuous function g,

gllo := sup |g| + sup{|g(z) — g(y)|/6""¥) : 2,y € X}.

It is easy to verify that ||gf|lz < |lgllellf|lz for all f € L.
It follows that the operator M,, : f +— L4(g"f) is bounded, and that ||M,]| <
[ Lo|lllgllz. Thus the series S3°° 2 M,, converges absolutely in the operator norm

n=0 n!
for all |z| < 1/||gllp. It follows that Lyy.q = >, %7: » is analytic on {z € C :
|z| < 1/|lglle}- This shows (f), and completes the proof of SGP. O

3.2. Spectral Gap implies Strong Positive Recurrence. Suppose ¢ has the
spectral gap property, and write Ly = AP + N with A = exp Pg(¢) and P, N as
above.

Since PN = NP =0 and P? = P, Li = A"P+ N™. Since the spectral radius of
N is less than A, [A\""N"|| = O(k™) where 0 < x < 1. Thus for (any) fixed x € [q],
A" Zn(d,a) < AT (L1 ) (z) = Plyg(x) + O(k") (appendix A, remark (7.1)).

It is impossible for Pl (x) to vanish, because this would imply that Z,(¢,a) =
O((kA)™), whereas +log Z,(¢,a) — log X and & < 1. Thus Pl (z) # 0.

According to the theory of perturbations of linear operators, there exists € > 0
s.t. every L : £ — £ which satisfies ||L — Ly|| < € can be written in the form

L=XL)P(L)+ N(L)
where P(L), N(L) are bounded linear operators s.t. P(L)? = P(L), dimIm P(L) =
1, N(L)P(L) = P(L)N(L) = 0, and such that the spectral radius of N(L) is smaller
than |A(L)|. Moreover, if ¢ > 0 is sufficiently small, then L — A(L), P(L), N (L)
are analytic on {L : ||[L — Ly|| < €}.

Since g := 1|, is Holder continuous, ¢+ L4, is real analytic, whence continu-
ous, at zero. So 30 >0 such that if |t| <J, then ||Lgi1g — Lg|| <e and

Lyyig = NP+ Ny,
where >\t = >\(L¢+tg)7 Pt = P(L¢+tg), Nt = N(L¢+tg).

Since L-convergence implies pointwise convergence, P;1(4(x) P~ Pl (z). We
saw above that for any z € [a], P1j,)(z) # 0. Choosing our ¢ sufficiently small, we
can ensure that (P1))(z) # 0 for all |t| < ¢ for some = € [a].

We now repeat the argument above for ¢ +tg and see that for all ¢ real such that
t] < 0, [Ae| 7" Zn(d + tg,a) = [Nl (L, 101 1) (@) = [(Pilpa))(x) + o(1)], whence
M| Zn (¢ + tg,a) < 1.

This implies that for all |t| < d, |\| = exp Pg(¢ + tg) and ¢ + tg is recurrent.
By the discriminant theorem, A,[¢ + tg] > 0 for all |¢| < ¢.

But Ayfg +tg] = Ao + tly] = Aul¢] +t (appendix A, lemma 7.1). If this is
positive for all |¢| < §, then it must be the case that A,[¢] > 0. O

4. STRONG POSITIVE RECURRENCE IS OPEN AND DENSE

The material in this section relies on the theory of modes of recurrence, which
we summarized for the convenience of the reader in appendix A.
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Main Lemma. As we shall see below, it is fairly easy to approximate a recur-
rent potential by a strongly positive recurrent potential. Here we show that every
potential can be approximated by a recurrent potential.

Lemma 4.1. If ¢ € ® is transient potential, a € S, and Y is a mon-positive
bounded function with summable variations s.t. suppy C [a], then ¢ + b € D,
o+ 1 is transient, and Pg(¢ + ) = Pg(9).

Proof. Since ¢ + 1 < ¢ we have Pg(¢ + 1) < Pg(¢). To see the other inequality,
we note that since ¢ is transient,

P (¢) = limsup % log Z (¢, a) (appendix A, (7.6))

n—00

1
= limsup — log Z* (¢ + ¥, a) (. supp ¢ C [a] and sup |¢| < o0)

n—oo N

< Pa(o+ ). (. (7.5))

This shows that Pg(¢) = Pg(¢ + ).
Using the transience of ¢ and the non-positivity of 1, we see that

S e PNz (¢4 a) =D e D Z (¢4 pa) <D e D Z, (¢,a) < oo,

n=0 n=0 n=0

S0 ¢ + 1) is transient. ([

Lemma 4.2 (Main Lemma). Suppose ¢ € ® is transient, then for any e > 0 there
exists a recurrent p € ® so that || — ¢l < € and vari[p — ¢] = 0.

Proof. Recall that S denotes the set of states. Suppose a,b € S, then write a LAy
if there is an admissible word of length k£ 4 1 which starts with a and ends with b.

Fix € > 0 and b € S. We construct finite sets of states {cf,...,ck } (k > 0) by
induction as follows. When k = 0, let ry := 1, and ¢} := b. Now suppose we have
carried the construction for each ¢ < k. Let by, b5, b5, ... be the list of all different
states ¢ for which b £ c for £ < k. If this collection is finite, let r; be its size, and
set {cf,...,ck }:={b},...,bF }. If it is infinite, observe that

ZZ(¢+e;1[b,ﬂ,b) S ez oh) (1< n < k).

since for any x with T2 = x and xg = b we have added an extra factor of € to the

potential at states xg,x1,...,Z,_1. Therefore we can find s € N such that
Sk
Zi(0+ €)1y b) 23 Z5(0.0) (1<n<k). (1)
i=1

We let {c},...,ck } be the set {1 .. B YUY, ... b% ) where, in this case,
71, is the number of different states c? so defined.

Set ¢[0] := ¢, and define for k > 1

Skl =d+e) Licky-
=1
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We interpolate these potentials. Observe that for all £ > 1,

m
olk] = o[k — 1] +621[d§]v where {d’f...,dfnk}::{clf...,c’:k}\{clffl,..wcfk__ll ,

i=1

with my, defined by the above identity. Define for £ > 1 and 0 <1i < my,
olk,i] == ¢k — 1] + eZl Ly
=

Then ¢[k,0] = ¢[k — 1], and ¢[k, my]| = ¢[k].

We claim that there must be some k, 4 such that ¢[k, ] is recurrent. Assume by
way of contradiction that this is not the case: ¢[k, 1] is transient for all k, i.

In this case, the sequence

olk] = ¢k, mi] = o[k, my — 1] > -+ > @[k, 1] > ¢[k — L,mp_1] > -+

is a decreasing sequence of tramsient potentials where each term is equal to its
predecessor minus e times the indicator of some partition set. By lemma 4.1,
all terms in the sequence have the same Gurevich pressure. Since the sequence
terminates after finitely many steps at ¢[0] = ¢,

Pa(¢[k]) = Pa(s) for all k. (4.2)

Consider now the power series

tr(z) = 1+ZZi(¢[k],b>wi
@) =Y Zi (6l

Both have radius of convergence exp|—Pg(¢)]: the first by the definition of the
Gurevich pressure and (4.2), and the second because of the assumption that ¢[k] is
transient (appendix A, (7.6)). They are related by the following inequality for all
0 < z < exp[—Pgz(¢)] (appendix A, (7.2)):

%[tk(x) 1] < ty(@)r(e) < B[ta(w) — 1], where B = expy var, 6. (43)

n=2

By (4.3), rx(z) < B2 for all 0 < x < exp[—Pg(¢)] and k > 1
— 5] <z <exp[-Pg(¢)]

But this cannot be the case, because for exp[—FPg(9)

k k
re(a) > Y Zi([k), b)a™ = Y e 27 (¢, b)a" (by (4.1))
n=1 n=1
—— > Zi(.b)(ePa)" = oo,
e n=1

This contradiction shows that there must be some kg, i¢ for which ¢ := ¢[ko, i¢]
is recurrent. By construction ¢ € ®, vari[p — ¢] = 0, and ||¢ — @]l = €. O
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Proof of Theorem 2.2. The proof has two parts:

(a) If ¢ € @, then for every e > 0 there is a strongly positive recurrent potential
e P st |l¢— ¢l <eand varifp — ¢] = 0.
(b) The set of strongly positive recurrent potentials is open w.r.t the sup norm
on .
The first part show that the set of strongly positive recurrent potentials is dense
in the strongest possible w—topology; the second step shows that it is open in the
weakest possible w—topology.

Part 1. Approximating general potentials by strongly positive recurrent potentials.

Fix ¢ € ® and € > 0. By Lemma 4.2, there exists a recurrent ¢ € ® such that
¢ — Y|loe < &/2 and vari[p — ] < &/2.

We now appeal to the discriminant theorem (appendix A, theorem 7.3): Fix
some a € S, then the recurrence of ) implies that A,[¢] > 0. If ¢ := 9 + § - 14,
then .

Aylp] = Ag[] + 3 (appendix A, lemma 7.1),

S0 ¢ is strongly positive recurrent. It is obvious that ||¢—¢|loo < € and vari[p—¢] =
var [ — @] < e.

Part 2. For every strongly positive recurrent ¢ € ® there exists a > 0 such that
if p € ® and ||¢ — @||eo < 0, then ¢ is strongly positive recurrent.

We fix some a € S and work with the induced system on [a], X, as defined in
§2.1. By the definition of the discriminant, if ¢ € ® is strongly positive recurrent
then there exists p € R such that 0 < Pg(¢ + p) < oo. The map = +— Pg(¢ + )
is convex and finite, whence continuous on (—oo,p] (appendix A (7.4)). It is also
strictly increasing (because ¢ + x + h > (¢ + ) + h for all h > 0).

Hence, there exist numbers p; < ps s.t. 0 < Pg(p+p1) < Pa(d+ p2) < oc.
Take po := (p1 +p2)/2 and § := (p2 —p1)/2. If p € ® and ||¢ — ¢||ec < I, then
¢+p1<@+po < d+p2so

0 < Pa(¢+p1) < Pop+po) < Pa(d+p2) < oo,

proving that A,[p] > 0. This shows that the set of strongly positive recurrent
potentials is || - ||o-0pen. O

5. TRANSIENCE IS OPEN AND DENSE IN THE SET OF NON-STRONGLY POSITIVE
RECURRENT POTENTIALS

The reader is referred to appendix A for the definition and properties of transient,
null recurrent, and weakly positive recurrent potentials.

Proof of theorem 2.3. Lemma 7.1 in appendix A says that for every a € S and
teR, Aylp+t- 1[a]] = Ag[g] +t.

Suppose B = |#;_, [a;], and ¢ € ® is transient. Then A,, [¢] < 0. Find e; > 0s.t.
M =g +e - 1[4, satisfies Ay, [p(N] < 0. Then ¢V is transient. The transience
of ™) means that A,,[¢?)] < 0, so we can find g5 > 0 s.t. ¢ := ¢(1) &5 1{a,)
satisfies Ag,[¢?)] < 0. So ¢? is also transient. Continuing in this manner, we
obtain €1,...,&, > 0 s.t.

P = ¢(7") =¢+ Zei - 1[q,] 18 transient.

i=1
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Take § := min{eq,...,e,.}. We claim that every ¢ € ® such that || — ¢|lec <
and ¢|X\B = ¢|x\p is transient. To see this, we observe that ¢ can be obtained
from ) by subtracting the r non-negative functions (1 —¢)1(4,]. By lemma 4.1 each
subtraction preserves transience, so the end result ¢ is transient.

This proves that the set of transient potentials is £U/(B)—-open. We claim that
it is dense in the complement of the strongly positive recurrent potentials. To see
this, it is enough to show that every ¢ € ® s.t. A, [¢p] = 0 can be approximated in
LU(B) by a transient potential. Take ¢ +t - 1j5,] with ¢ — 07. O

6. MORE ON TRANSIENCE
The previous arguments suggest the following new characterization of transience:

Theorem 6.1. ¢ € ¥ is transient if and only if there exists 1 € ® such that ) > ¢,
Y # ¢, and P () = Pa(¢).

Proof. If ¢ is transient, then ¢ := ¢ + ¢ - 1) is transient for all £ > 0 sufficiently
small (theorem 2.3). By lemma 4.1, Pg(v) — slj4)) = Pg(+) for all s > 0. In the
particular case s =t we get P () = Pg(¢), and ¢ is as required.

We will show that if ¢ is recurrent then no such 1 can exist. Suppose by way
of contradiction that 3¢ € ® such that ¥ £ ¢, ¥ > ¢, and Pg () = Pg(¢). Find
some word [a] := [a3,...,a,] such that ¢ — ¢ > « on [a] for some a > 0. Since
¢ < ¢+a-ly <y and Pg(-) is increasing, Po(¢ + a - 11y)) = Pa(d).

The potential ¢ := ¢ + « - 1) must be recurrent, because

Z Zn(%a)e—nPG(w) — Z Zn(cp,a)efnpc(d)) > Z Zn((f),a)efnpc(@ — o0,
n=1 n=1 n=1

by the recurrence of ¢. Therefore there exists a positive continuous function h such
that L,h = ePa (@) p = ePe(@)h (appendix A, theorem 7.2). This and ¢ < ¢ implies
that Lgh < ePo(® h, and it is easy to see that this inequality is strict on T'[a]. Now
consider the non-negative function f := h — e~ ¢ (¢)L¢h. This is a non-negative
continuous function, not everywhere equal to zero, such that

oo
Z e_kPG(¢)L$f < h < 0o everywhere.
k=0
But this is impossible: ¢ is recurrent, so L4 has a conservative eigenmeasure v,
Liv = efe(@)y. Since Liv=v, e_PG(¢)L¢ is the transfer operator of v, whence by
the conservativity of v, > L’; f = oo v—almost everywhere, whence at least at one
point. This contradiction shows that 1 cannot exist. [

The result should be compared with the results of S. Ruette [Rt] on the transience
of ¢ =0.

7. APPENDIX A: THE DISCRIMINANT AND THE THREE MODES OF RECURRENCE

The purpose of this section is to summarize the results of [S1], [S2], and [S4]
concerning the thermodynamic formalism of countable Markov shifts.

Throughout this section we assume that X is a topologically mixing CMS with
set of states S and transition matrix A, which we think of as the set of one sided
admissible paths on a directed graph G. We use the notation introduced in §1.2.
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7.1. Gurevich Pressure. Suppose ¢ has summable variations, and define as al-
ways ¢ :=¢+doT +---+¢poT" L. The Gurevich pressure of ¢ is

Pg() = lim_ %logzn(aa,a), where Z,(¢,0) = ) 1),

Trr=x
The limit exists, is independent of the choice of a, and satisfies [S1]:
(a) For every constant ¢, Pg(¢ + ¢) = Pg(é) + ¢;

(b) ¢ < ¢ = Pg(¢) < Pa(y);
(c) if ¢, have summable variations, then Pg(t¢ + (1 — t)v) < tPg(¢) + (1 —
t)Pg(v) for all t € [0, 1].

Theorem 7.1 (Variational Principle [S1]). If supp < oo and ¢ has summable
variations, then Pg(¢) = sup{h,(T) + [ ¢du} where the supremum mnges over all
T—invariant Borel probability measures such that (h,(T), [ ¢du) # (0o, —00).

Remark 7 1. If X is topologically mizing and (b has summable variations, then
Ll < Zn(, a) uniformly on [a].

7.2. Modes of Recurrence. Recall that ¢,(v) := 1jg(z)inf{n > 1 : T"(z) €
[a]}, and set
Zi(pa)= D e ().
Trhr=x
Zn(¢p,a) and Z} (¢, a) are related by the following “approximate renewal equation”:
set B :=exp (2, var,(¢)), then
Zn(¢, a) - Bil (Zn—l(gb?a)Zf(gba a) -+ Zl(d), ) n— 1(¢7 ) ;(Qb,a)) (71)

Passing to the generating functions

te(x) 71+Zz (¢, a)z™ and r4(z Zz* b, a)z",

n=1

we obtain .
?td)(x)r(ﬁ(x) <ty(z) — 1 < By(x)ry(2) (7.2)
for every x € [0, R), where R = e~F5(%) is the radius of convergence of ¢4(-).

Definition 7.1. Set A = (@) We call ¢
e transient, if t,(A\7!) < oo;
e positive recurrent, if t5(A"!) = oo but r(’j)()\*l) < 005
e null recurrent, if t4(A™!) = oo and r(’ﬁ(/\’l) = o0.

We have the following [S2, Theorem 1]:

Theorem 7.2 (Generalized Ruelle-Perron-Frobenius Theorem [S2]). ¢ is recurrent
iff there exist A > 0, a conservative measure v, finite and positive on cylinders, and
a positive continuous function h such that Liv = Av and Lyh = Ah. In this case

A =efe@) and 3 a, /‘ oo such that for every cylinder [a] and x € X

— Z)\ Lk L)) (x) —— h(z)v[a],

n—oo

where {a,}n satisfies a, ~ f[a} hdv) =1 YR AN Z (¢, a) for every a € S. Fur-
thermore,
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(1) if ¢ is positive recurrent then v(h) < 0o, a, ~ n - const and for every [a],
AT LE g — hvlal/v(h) uniformly on compacts;

(2) if ¢ is null recurrent then v(h) = oo, a, = o(n) and for every cylinder [a],
AT"Lile) —— 0 uniformly on compacts.

It is not difficult to see, using the representation of h as the limit above, that
vari[logh] < > ., var, ¢.

7.3. The Discriminant. Fix a state a € S, and recall the operation of pass-
ing from the pair (X, ) to (X, ) as explained in §2.1. Define pZ[#] := sup{p |
Pg(¢+p) < oo} (here the bar means we induce on the state a). This number can
be calculated by the formula [S4]

1
palp] = —limsup — log Z (¢, a). (7.3)
n—oo M
Moreover, the map
p(t) = Pa(o+1) (7.4)

is convex, strictly increasing and continuous on (—oo, p%[¢]] ([S4, Proposition 3]).
The discriminant of ¢ at a € S is defined to be

Aq¢] = sup{Pc(¢+p) | p < ps[e]}-
The following is frequently useful so we state it as a lemma.

Lemma 7.1. If X is topologically mixing and ¢ has summable variations and finite
pressure then Agl¢ +1t - 1j4)] = Aqy[d] + 1.

Proof. Pg(¢+1t-14 +p) = Pa(¢ +p+t) = Pa(¢+p)+t,sopilp+t-14] = p}[¢]
and Ag[p +1- 14 = Aulg] +t. O

The main interest in the discriminant is that it detects modes of recurrence:

Theorem 7.3 (Discriminant Theorem [S4]). Let X be a topologically mizing count-
able Markov shift and let ¢ : X — R be some function with summable variations
and finite Gurevich pressure. Let a € S be some arbitrary fixved state.

(1) The equation Pg(¢p+ p) = 0 has a unique solution p(¢) if Ay¢] > 0 and
no solution if Ay[¢] < 0. The Gurevich pressure of ¢ is given by

o p(6) i A6 >0
Pe@)={ 0l acll <0

(2) ¢ is positive recurrent if Ay[¢] > 0 and transient if Ay[¢] < 0. In the case
APl =0, ¢ is either positive recurrent or null recurrent.

In particular, strong positive recurrence implies positive recurrence.

Definition 7.2. We say that ¢ is weakly positive recurrent if it is positive recurrent
but not strongly positive recurrent.

Corollary 7.1. Suppose X is topologically mizing and ¢ has summable variations
and finite Gurevich pressure. If ¢ is recurrent then

P (¢) > limsup % log Z% (¢, a) (7.5)

n— o0



20 VAN CYR AND OMRI SARIG

and if ¢ is transient then

1
Ps(¢) = limsup - log Z (¢, a). (7.6)
The first equation is by definition of the pressure and Z,(¢,a) > Z}($,a). The
second equation is the discriminant theorem and (7.3).

8. APPENDIX B: PROOF OF THEOREM 1.1

Throughout this section, assume that T : X — X is a topologically mixing count-
able Markov shift, and that ¢ € ®. We use the thermodynamic formalism for CMS.
For a brief summary of this theory, see appendix A.

8.1. Some technical implications of SGP.

Lemma 8.1. If ¢ has SGP, then the P in definition 1.1 has the form Pg = h [ gdv
for all g € L, where h € L is positive and bounded away from zero on cylinders, v
is finite and positive on cylinders, and Lyh = Ah, Liv = Av, [ hdv =1.

Proof. We show that ¢ is positive recurrent (appendix A, definition 7.1). The idea is
to fix a € S and show that A™"Z, (¢, a) < 1, where Z,,(¢,a) = > g, _, €*" @1, (z).

Write Ly = AP + N with A = exp Pg(¢) and P, N as in definition 1.1. Since
PN = NP =0 and P? = P, L = A"P + N". Since the spectral radius of N
is less than A, [A""N"|| = O(k"™) where 0 < x < 1. We have for (any) fixed
z € [a], \T"Zp(¢,a) < AT (L) (z) = Plig(x) + O(k") (see (7.1) in appendix
A). It is impossible for P1,(z) to vanish, because this would imply that Z,(¢,a) =
O((kA)™), whereas L 1log Z,,(¢,a) — log A and x < 1. Thus Plj,(z) # 0. It follows
that A™"Z,,(¢,a) < 1, whence the positive recurrence of ¢.

By the generalized RPF theorem (appendix A, theorem 7.2), 3h positive, contin-
uous, and bounded away from zero on cylinders, and Jv positive and finite on cylin-
ders such that Lyh = Ah, Liv = Ah, [ hdv = 1. Moreover, A\™" L1, — valh
pointwise. But ||/\_nLgl[Q] - Pl[g]”L < /\—n”an[g] Hﬁ — 0, so /\_anl[g] — Pl[g]
pointwise. We see that Pl = v[alh. Since P(L) C L, h € L.

Since dimIm P = 1, there exists ¢ € L* s.t. Pg = p(g)h for all g € L. We show
that ¢(g) = [gdv for all g € L.

Let mg := hdv. The relations Liv = Av and Lgh = Av can be used to see that
my is T—invariant measure. The methods of [ADU] show that it is mixing (even
exact).

Suppose g € LN L (v), then gh~! € L'(my), and the mixing of m, implies that
J(gh™") 1 0o T"dmy — mgla] [ gdv. On the other hand

/(glfl)l[a] oT™dmy = /gl[a] oT"dz/:/ AT LG (g1 g o T )dv
= /H AT ngV—/[ ][P9+ AN gldy —— (g)mylal,

because |[A\""N"g||z — 0, whence A™"N"g — 0 uniformly on [a]. Comparing the
limits we see that ¢(g) = [ gdv for all g € LN L*(v).
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It remains to see that £ C L'(v). Otherwise there exists f € Ls.t. [ |f|dv = oo.
Since f € L, g :=|f| € £, and [ gh~'dmg = co. The mixing of m, implies that

n—oo

/(ghil)l[a] oT"dmy —— o0

(bound gh~! from below by a bounded function with large integral). But g € L,
so we can write as before [(gh™*)1, o T"dmg = f[a] A" L gdy —— p(g)mglal.

This limit is finite, so we arrive at a contradiction. O

Lemma 8.2. Let v be as in the previous lemma, then there exists some constant
Co s.t. || [y < Coll - [l

Proof. Suppose f € L. By assumption, £ has the lattice property: f € L =
|f| € £. By the previous lemma, P|f| = h [ |fldv, so || {2 = ||PLAI| o/ lIB]lc <

TL A < ik flle, because [[|£1]l . < [If]le- So take Co == [|P||/[|h]le. O
Lemma 8.3. Suppose ¢ € ® has the SGP. If is (bounded and) Hélder continuous,
then Ly(¢f) € L for all f € L, and the operator f — Ly (¢ f) is bounded in L.

Proof. By assumption, ¢ — Lyt is a real analytic Hom(L, £)-valued map on
a neighborhood of zero. This means that for every f € L, t — Ly f is a
real analytic £—valued map on a neighborhood of zero. In particular, this map is
differentiable at zero, so there exists g € L s.t.
1 c
TLosepf = Lofl = g€ L.
We show that Ly(¢vf) =g € L.
Since |- 1) < Coll - .

1 L*(v)
g[L¢+wf —L¢f] —=g.

'
t—0
Now, 1[Lgyepf—Lef] = L (#f) . Since 1 is bounded, |(e*¥ —1)/t| is uniformly
bounded for [t| < 1. Since f € L, || fllz1w) < Collfllz < oo. By the dominated

et
t

Lt .
convergence theorem, —Lf % ¥ f. Ly extends to a bounded linear operator

on L'(v) (X times the transfer operator of v), so

L'(v)

= Lo (0 f).

.
%[quﬂwf—quf}:qu (e " 1f)

t—

It follows that g = L4(¢f) in L'(v). Since v is globally supported, and all elements
of £ are continuous, Ly(¢f) =g € L.

Recall that g was defined to be the derivative at zero of the L£—valued function
t+— Ly f. By SGP, this function extends to a holomorphic function z — Ly .y
on some complex neighborhood U of the origin. Let C be a circle with center zero
and radius r so small that C' C U, then for every f € L:

1 1
ILowDlle = | 5 f Lorusa:

It follows that f +— Lyi.y (¢ f) is a bounded operator. a

. < Izrleaé(||L¢+zw|| A flle-
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8.2. Equilibrium measures. It was proved in [BS] that if a weakly Holder con-
tinuous function ¢ with finite pressure and supremum has an equilibrium measure,
then this measure is of the form hdv with h > 0 continuous and v s.t. Lyh = Ah,
L;@u = v, fhdu = 1. Here we show the converse: If h,v are as above, and
dm = hdv has finite entropy, then it is an equilibrium measure (by [BS] the unique
one). Let a:= {[a] : a € S} denote the natural generator.

Lemma 8.4. Let pu be a shift invariant measure on a CMS X, and let o be the
natural generator. Then h,(T) > H,(a|af®). We do not assume that H, (o) < 0.

Proof. We use the following notational conventions for partitions. Suppose 7 is a
measurable partition of X, then o(7) :=the sigma algebra generated by ~; 772, :=
Vi, T~*y =the smallest partition s.t. o(7%) 2 Up_,, o(T%v); and 7$° :=the
smallest sigma-algebra which contains J,,~; o(77).

Take an increasing sequence of finite partitions (™ such that o(8(™) 1 o(a).
For every fixed n, since H, (B™) < oo,

k—
BT 5) = Jin L) =t LS00 - 8,550
/=1
1 k—1 1 k—
= lim 7 32 BB = i g; Hi(5"lt),  (81)

because o(a) D o(3™). We claim that
Hyy (3™ o) ——— Hu(8™[o1?). (8.2)

This is because
(a) I,(B™]a)) P I,(B™|as°) p—a.e. (Martingale convergence theorem)

) [ supgs, I,(B"™|a%)du < oo, by the Chung-Neveu Lemma ([P], lemma 2.1);

(c¢) the dominated convergence theorem.
By (8.1) and (8.2), for all n, h,(T,B™) > H,(B™]af®) = [ 1,(8™]af®)du
Now I,(8M™]a5°) 1 I,(a|as®), because 3™ increase to a (see e.g. [P], theorem

2.2 (ii)). By the monotone convergence theorem H,(3[a$?) T H,(a|as®), and
we conclude that h,(T,3™) > H,(83™|a5°) —— H,(alaf®). Since h,(T) >

h (T, £™), the proof is completed. O

Proposition 8.1. Suppose ¢ has summable variations, has finite Gurevich pres-
sure, and sup ¢ < oco. Suppose further that h > 0 is positive continuous, v is
positive and finite on cylinders, Lyh = Ah, Lyv = Av, and [ hdv =1. If du = hdv
has finite entropy, then it is an equilibrium measure of ¢.

Proof. One can show, as in [L], that I,(a]af®) = —In dng =—[¢+Inh—Inho
T — Pg(9)], so

/(Iﬂ(a|ai’o) +¢+Inh—InhoT)du= Pg(p).

By lemma 8.4, [I,(a|af®)dpy = H,(a|as®) < h,(T) < oo, so I, is absolutely
integrable (it is a non-negative function). Since ¢ +1Inh —InhoT is bounded from
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above (by Pg(¢)), it is also absolutely integrable, and
hu(T) + /[(;H— Inh—InhoT|du > /[IM +¢+Inh—InhoT|du= Ps(p). (8.3)

We claim that ¢ € L'(u), and [ ¢du = [[¢ +Inh —Inh o T]du. The following
holds for almost every z € X:

(a) ¢n(x)/n —— [ ¢dp (because sup ¢ < oo and p is ergodic);
(b) [pn(x) + Inh(z) — Inh(T"z)]/n —— [[¢ +Inh —Inh o T]du (because
¢+Inh—InhoT € LY (pn));
(¢) Ink(z) T oo s.t. |[Inh(z) — Inh(T™®z)| < 1 (because of the Poincaré
recurrence theorem, and the continuity of k).
Choose one such x, then

1
/ gdp = lim — g ) =

k—oo nk( ) (¢nk(w +1Hh( ) lnh(T x))

lim
k—o0 nk( )

= lim —(¢n+lnh( ) — lnh(T"x)):/(¢+1nh—lnhoT)du.

By (8.3) hyu(T) + [ ¢dp > Pg(¢). The proposition now follows from the variational
principle (appendix A, theorem 7.1). O

8.3. Proof of theorem 1.1. Suppose that X is topologically mixing, and ¢ € ®
has the SGP and satisfies sup ¢ < co. Let A, P, N be as in definition 1.1.

Proof of (a). Lemma 8.1 says that P is of the form Pf = h [ fdv, where Lyh = Ah,

Liv = Av, and J hdv = 1. Proposition 8.1 says that if dmg = hdv has finite
entropy, then my is an equilibrium measure for ¢. By [BS], there is at most one
such measure, so mg is unique.

Proof of (b). Let p(N) denote the spectral radius of N : £L — L. By the SGP,
Ik € (p(N)/A,1). If fis (bounded and) Holder continuous, then Ly(fh) € L
(lemma 8.3). If g € L>(myg), then the identities dmy = hdv, Lyv = Av, and
PL4(fh) = Ah [ fdmg imply

’/f-goT"dm¢ —/fdm¢/gdm¢’ = ’/)\_”[Lg(fh) —A"_lPL¢(fh)]ng
< el AN L), < Collglo NN L (1)
< oA M gllooA™ VN Lo (fh)]] 2 < comst [|g]loo | Lo (£h)]| 5™

Part (c). We assume without loss of generality that
A=1, Ey,,[¢]=0.

To arrange this, replace ¢ by ¢ —log A and ¢ by ¢ — E,,,[¢)] = 0.

Part (e) of the SGP is stable under perturbation in Hom(£, £) [K]: There exists
a neighborhood U of Ly in Hom(L, £) and analytic maps P, N : U — Hom(L, L),
A : U — C such that for all L € U,

L=A(L)P(L) + N(L), P(L)N(L)=N(L)P(L)=0, P(L)*>= P(L), dim Im P(L) =1

If U is sufficiently small, then there is some g9 > 0 s.t. for all L € U, the spectral
radius of N(L) is less that 1 — 2e¢ and the spectral radius of L (equal to |A(L)]) is
more than 1 — .
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By the SGP, t — L; := Ly is analytic on a neighborhood of zero. The
maps Ay = P(L;), P, = P(L;), N, = N(L;) must also be analytic in ¢ on a small
neighborhood I of zero.

Recall that there is a constant Cp s.t. || - [|z1) < Col| - ||z. For ¢ in I,

Ep, €] = / AL (e h)dy = / L} hdy (a=1)

= A} /[Pth + A\, "N{*h|dv
= AL+ Co(l[Br = Pl + [A T INT D] c]-
The spectral radius of V; is less than 1 — 2¢q, and |A\¢| > 1 — &g, so this gives

Ep, [€9"] = A![L + £,(t)] for all n, where &, (t) ——— 0.

t—0,n—o00

Later we will see that
o2
Ae=1-— ?tQ +o(t?) as t — 0, (8.4)

where o # 0. It will then follow that E,,,[exp(iti),/y/n)] —— exp(—c?t?/2),

which means that ﬁwn converges in distribution (w.r.t mg) to a normal law with
mean zero and standard deviation o.

To prove (8.4), we expand A, as in [GH]. Define for this purpose h;:= P,1/[P,1dv
(the denominator approaches 1 as t — 0 so it is not zero for all |¢| sufficiently small),
and write L := Ly = Lg. Then L;hy = A¢hy and so

A = /Lthtdu = /(Lt — L)(hy — h)dv + /(Lt — L)hdv + /Lhtdu

— /(Lt — L)(hy — h)dv + B, [L((e'™ — 1)h)] + / hidv (o L'v =\ =v)
= /(Lt — L)(hy — h)dv — % /thdV +o(t?) + 1, (8.5)

where we have used the fact that ¢ is bounded to expand e**¥ = 1+it¢f§w2+0(t2),
and the assumption that E,,,[¢)] = 0 to note that [¢hdy = 0. (The assumption
that 1 is bounded is an overkill.)

The analyticity of ¢ — L, P, and the estimate || - |11,y < Col| - ||z can be used
to show that [(L; — L)(hy — h)dv = o(t) as t — co. Thus A\, = 1 + o(t).

Next we study the difference h; — h, as in [G1]. In what follows, o(1) means an
element of £ whose £-norm is o(1):

he—h _ Ahe—h
t t
:Ltht;Lth

+0(1) (because Ay = 1+ o(t) and ||h¢]| 2 is bounded near zero)

o(1) = (Lt fL)ht;h +L (htth) + (L fL)% +o(1).

Subtracting the second summand from both sides, we obtain

(1-1L) (ht — h) = (L — L)% +o(l)=1L [(eiwt_ 1) ht} +o(1).  (8.6)

t
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The left side of (8.6) converges in £, whence in L'(v), to (1 — L)a, where

d

= — hy.
T R

t=0

The right side of (8.6) converges in L'(v) to iL(yh). To see this, note the
following:

(a) 9 is bounded, so AM s.t. |(e®™ —1)/t| < M for all |t| < 1;

(b) (W%) h %(1;)) 1h, because of the dominated convergence theorem and
the bound ||h||z1¢,) < Collhllz < oo;

(©) 11 (£552) (he = )22y < CoM e — bl —0.

t

Thus (GM%) hy P ith in L'(v). Now L extends to a bounded operator on

it 1 v
LY(v) s.t. ||L|| <1 (the transfer operator of v), so L[(e w_l) hi] L (0) iL(yh).

t t—

Equating the limits of the two sides of (8.6), we see that (I — L)a = iL(vh)
v—a.e. Since all elements of £ are assumed to be continuous, and since v is globally
supported, (I — L)a = iL(¢h).

Apply L* to both sides: L¥a — L**'a = iL*(¢)h). The norm of the right hand
side is summable:

IL*(h)|lc = |P(L(vph)) + N* " L(ph)| 2
— INFIIL (R (- PLLGGRY] = h / Lihldv = h / dmys = 0),

and Y ||[N*|| < co. Summing over k > 0, we obtain a =iy, L*(¢h).
Returning to the expansion (8.5) of A, we see that

A\ = /(Lt — L)(at + o(t))dv — ’i/zp?hdu +o(t?) +1
_ t2/ (‘M - 1) (a+ o(1))dv — t;/whdu +o(t?)+1

t

t2 =
=1—— [ ?hdv =12 | ) LF(ph)dv + o(t?),
7 [ [vy

and we obtain (8.4) with

-

But it is not yet clear that o is real valued (i.e. that the right hand side is
non-negative). To see this we follow [G1] and rewrite the integrand in terms of the
function u := Y7 LE(3ph), noting that ¢h = u — Lu:

2 (e o)
U ; L’“(wm] dmy.

7= / 5 [0h)? + 29h(u — )] dmy, = / iz [(u= Lo 4+ 2(u = Lu)La] dmg

_ /% W — (Lw)?] dmy :/ [(u/h)Q - (2L(h.u/h)>2] .
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The operator T : v — h™LL(hv) preserves mg: T*mgy = my (it is the transfer
operator of my = hdv). Thus we get

o = [ [Fltw/m?) - Fw/m)?] dme.

It is not difficult to see that T takes the form 7f = > ry—=z 9(y) f(y) where g =
e®h/hoT. We have > ry=z 9(y) = 1. Since t — t2 is convex, T[(u/h)?] > (T(u/h))>?
and we get that 02 >0, and ¢ is real.

We show that 02 > 0. Otherwise, T[(u/h)%] = [T(u/h)]? ms-almost everywhere.
By the strict convexity of ¢ +— ¢2, u/h must be constant on {y : Ty = x} for a.e. z.
Since mg ~ mg o T', this means that there is a function ¢ s.t. u/h = ¢ o T almost
everywhere. Thus

1 1
Y=1(u—Lu)=poT -5 LhpoT)=poT —ypae.

It follows that 1 is an almost everywhere coboundary w.r.t mg. By the Livsic
theorem of Gouézel [G2], ¢ is a coboundry with a continuous transfer function.
But part (c) assumes that 1 is not like that.

Part (d). Suppose v is a (bounded) Holder continuous function, and let L;, A, Py, IV,
be as above. We saw that t — A, P;, N; are analytic on some complex neighborhood
of 0, and that for all |¢| sufficiently small, p(Ny) < |A¢].

We claim that A\; = exp Pg(¢ + t) on some real neighborhood of t = 0. This is
because of the estimates

Zn(¢ +th,a) < Li'lg () = A\Y (Pilig (%) + N{' 1) (z)) < A

which hold uniformly on [a] provided ¢ is small enough that p(IVy) < |A¢| (see
appendix A, remark 7.1).

In particular A\g = exp Pg(¢) # 0, and Pg(¢ + tv) = log ); is real analytic on a
neighborhood of zero. O
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